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The partition function of the Teichmiller TQFT
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The partition function of the Teichmiiller TQFT
Let N € Z~g be odd, b € S* C C with positive imaginary part, and set

Ay =R x Z/NZ, A =Cxz/NZ,

as measured spaces.
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The partition function of the Teichmdller TQFT
Let N € Z~g be odd, b € S* C C with positive imaginary part, and set

Ay=RxZ/NZ, A5=CxZ/NZ,
as measured spaces.

Conjecture (Andersen-Kashaev 2014)

Let M be a closed oriented compact 3-manifold. For any hyperbolic knot
K C M, there exists a two-parameter (b, N) family of smooth functions
J,(;’,,(V)(x) on Ay which enjoys the following properties. For any fully
balanced shaped ideal triangulation X of the complement of K in M, there
exist a gauge-invariant real linear combination of dihedral angles A, and a
(gauge-dependent) real quadratic polynomial of dihedral angles ¢, such
that

Z,gN)(X) = eic§¢A Jﬁ’g)(x)e"AcbX dx.

N

.
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N

[...asymptotic properties...]

.
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Two examples: 4; (the figure-eight) and 5,
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Two examples: 4; (the figure-eight) and 5,

JEM ) = 4mf/ on(x —y )<x—y>‘2 g

s AWy 2
JON) () G2 {y) (x)*
Iss; ORT Ay ©b(y + X)en(y)en(y — x) a-
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Two examples: 4; (the figure-eight) and 5,

SNy i ep(x —y)(x—y)~?
Sl =T | e
_(;3)2[ (x) = e2m\ﬁ (y) <X>_1 dv .

A b(Y +X)en(y)en(y — x)
where ¢y, is the level-N quantum dilogarithm.
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Quantum dilogarithm
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Quantum dilogarithm

b2+1

. . y
©b (x - \I/—I;_V, n+ 1) = <1 —e N Zwﬁxez’”ﬁ> ©p(x) .
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Quantum dilogarithm

241

ib _b241 op by onin
bx——,n—i—l):(l—e N VN e 7”N> b(X) .
7 ( VN #olx)

Define operators acting on meromorphic functions on A%

f(x) = e TR A),  Buf(xom) = f(x 7% n+1),
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Quantum dilogarithm

ib _b241 2p by 5oin
x—,n—i—l) (1—e N VR e ’”N) x).
S%( JN ©b(x)
Define operators acting on meromorphic functions on A%
N ~ ib
myf(x) =e v 27”"’f(x) Uxf(x,n) = f(X—\FNa”‘i‘l) )

SO
b2+1

lepn(x) = (1 +q iy )cpb(X) for 2 := —e™ A
Theorem (Weil-Gel'fand-Zak transform)
There exists a unitary isomorphism
H— L2(AN) 5

mapping the quantum operators associated to m and ¢ to my and Uy,
respectively.
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Complex A-polynomial
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Complex A-polynomial

If £: A§, — C is meromorphic, one can define a special element A% € Z(f).
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Complex /Z\—polynomial

If £: A§, — C is meromorphic, one can define a special element A% € Z(f).
Suppose that for a knot K C M one has

J/(VII),’;QI)(X) = /Ah D(x,X1,...,Xp)dx1...dxp,

N

® a product of dilogarithms and exponentials of degree-2 polynomials.
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Complex /Z\—polynomial

If £: A§, — C is meromorphic, one can define a special element A% € Z(f).
Suppose that for a knot K C M one has

J/(VII):;QI)(X) = /Ah D(x,X1,...,Xp)dx1...dxp,

N

® a product of dilogarithms and exponentials of degree-2 polynomials.

e For each j =0,...,h find a rational function p; such that

ZJ'CD = pj(’/ﬁx: r/ﬁlv M Fﬁh)(b ;

Alessandro Malusa (QGM, UofS) SL(2, C)-CS and AJ conjecture July 11th, 2018 5/7



Complex /Z\—polynomial

If £: A§, — C is meromorphic, one can define a special element A% € Z(f).
Suppose that for a knot K C M one has

J/(\/?:;QI)(X) = /Ah D(x,x1,...,xp)dxy ... dxp,

N
® a product of dilogarithms and exponentials of degree-2 polynomials.
e For each j =0,...,h find a rational function p; such that

ZJ'CD = pj(’/ﬁx: r/ﬁlv M Fﬁh)(b ;

e Give common denominators and find polynomials g; in m;, ¢;;
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Complex /Z\—polynomial

If £: A§, — C is meromorphic, one can define a special element A% € Z(f).

Suppose that for a knot K C M one has

J/(\/?,’;QI)(X) = /Ah D(x,x1,...,xp)dxy ... dxp,

N

® a product of dilogarithms and exponentials of degree-2 polynomials.

For each j =0, ..., h find a rational function p; such that

qu) = pj(ﬁ"x: r/ﬁlv M r/ﬁh)q) ;

e Give common denominators and find polynomials g; in m;, ¢;;

~

Eliminate the variables my, ... my to find a polynomial in my, £,
61, .. Eh annihilating ®;
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Complex /Z\—polynomial

If £: A§, — C is meromorphic, one can define a special element A% € Z(f).
Suppose that for a knot K C M one has

J/(\/?,’;QI)(X) = /Ah D(x,x1,...,xp)dxy ... dxp,

N

® a product of dilogarithms and exponentials of degree-2 polynomials.

For each j =0, ..., h find a rational function p; such that

qu) = pj(ﬁ"x: fﬁl? M th)q) ;

e Give common denominators and find polynomials g; in m;, ¢;;

~

Eliminate the variables my, ... my to find a polynomial in my, £,
61, .. Eh annihilating ®;

o Carefully evaluate Ej = 1 and take the polynomial out of the integral.
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The figure-eight knot
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The figure-eight knot

y) = i pn(x —y)(x—y)
M
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The figure-eight knot

-2
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The figure-eight knot
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The figure-eight knot

eoy) 2
A, = (i} — 1) 2
~ (2~ 1) (o - 2 - gla? + 1) — g+ 1)
+ (P —1)m3,
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The figure-eight knot

Aty = P@P(PQ—1) (g% — 1)E?
~(¢*@*-1)(q@ 1) (q4Q4 - Q- q(®+1)@ - qQ+ 1>E
+quz(Q_ 1) <q3Q2 . 1) 7
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The figure-eight knot

ami % (X — y)(x — y)
o))

d(x,y)=e

A, = Q@ (?Q - 1)(q@* — 1) E?
~(¢*@*-1)(q@ 1) (q4Q4 - Q- q(®+1)@ - qQ+ 1>E
+°Q@(Q-1) (@ 1),
Ag (m, 0) = m*? — (m8 —ml —2m* — m?*+ 1)£+ m*.
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The AJ conjecture for the Teichmiiller TQFT
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The AJ conjecture for the Teichmiller TQFT

Conjecture

Let K C M be a knot inside a closed, oriented 3-manifold, with hyperbolic
complement. Then the non-commutative polynomial A(C agrees with Ak
up to a right factor, linear in my, and it reproduces the c/assmal
A-polynomial in the sense of the original AJ-conjecture.
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Thank you...

...for your attention!
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