POISSON-RIEMANNIAN GEOMETRY
Shahn Majid (QMUL) GQTA Sandbjerg 2018

@ Quantum Riemannian geometry on any algebra (4,9,d,g,V,...)
LTCC lectures 2011 (a bimodule approach — DVM) & Book w/ Beggs 2019

(» Quantum geometry of quantum groups
Alg. Repn.Theory, 20 (2017)

(2) Semiclassicalisation of quantum Riemannian geometry
(COO (M), W, g, V) W Poisson tensor G metric V (flat) Poisson conn

w/ Beggs, |. Geom. Phys. |14 (2017)

If does not exist flat conn => [ non assoc ext. algebra
extra cotangent dimensions

Fg. M =ch(S)={m(S) = G}/G ={G — bun, flat conn}
w Poisson structure (ABGN) ¢ Kahler



Quantum differentials on an algebra A

Classically, C*(M)=Q(M) C Q(M) = ©;Q' (M)

(' space of 1-forms, e.g. 'differentials’ ¢ — Z a—f.dxi

| — Ox
fdg = (dg)f € Q ’
AQeAQ—Q dwAn) =(dw) An+ (=D)*lwAdy
wAn=(=DMpAw d2=0 ‘graded Leibniz rule’

@ algebra A over k we drop the (graded) commutativity, just keep:

Q! a((db)c)=(a(db))c ‘bimodule’
d: A— Q! d(ab)=(da)b+a(db) ‘Leibniz rule’
) adb} = ‘surjectivity’
kerd = k.1 (‘connected’)

@ require this to extend to a DGA Q = T,Q' /7 = 9,07, d?2 =0
@ innerifexists 0cQ', d=10, }



Nice problem: take your favourite algebra and classify all
differential structures (perhaps with some symmetry)

e.g. bicovariant connected classical dim
<— pre-Lie algebra

Thm

bicovariant su r'jective

o:g®g—g [Ty =zoy—you

QL (U — (eZ' (g, A
( (g)) ¢ € (9, ) (xroy)oz—(yox)oz=xo0(yoz)—yo(xoz)

dz =1®((z), Q' =U(g) @A A ={dy|yeg}=g [r,dyl =d(zoy)

= Q(U(g)) by skew-symmetrisation of products of Al

@ Example g: [t =Ar (see later)
@ Example g = Vect(M) and torsion free flat connection
roy=Vay, Vigy2=VeVyz—VyVyz
A = U(diff(M)) [z, y] = V,y — Vo



@ Example 9=V, [,]=0, (V,0) comm associative algebra
eg. V=C>WM) A=Cply(V) f,dgl =d(f9g)
eg V=Cux, xzox=A, A=Clx|, |z,dx]=\dx

f(z) = flz — Ax)
) dx

dz? = (dz)z + zdz = 2zdx — Adx = (22 — N\)dz

=> df(z) =

Propn X discrete set Ql(C(X)) <« directed graphs on X

Q' = span; {wy sy}

f-wa:—>y — f(x)wx—)ya Wa:—)y-f — f(y)w:c—>y df = Z(f(y) — f(2))wz sy

T—Y

If a graph is bidirected, define

g = Z Jz—yWr—y QC(X) Wy—a Joz—y € k ‘metric Iengths’

rT—Y



Quantum metrics g = gda" @4 dz”

g < Ql X Ql A(g) =0 ‘quantum symmetric’
A

invertible in the sense exists inverse: (, ): Q! % Ol - A
((, )@idweg) =w=(1da(, ))(gow), YweQ
a(w,n) = (aw,n), (w,n)a= (w,na) ‘bimodule map (tensorial)’

need this to be able to contract/ raise/lower’ via metric, eg to have
well defined contraction:

3 . ]. 1 ]_ 1 '3 7, 6
(, ) ®id: (%)Q %Q — () Tovp — 9" Ty
but
1N 2 — g ® ¢?
(w,9)g"=w  9=9 D9
— (w,9")9°a =wa = (wa,g')g” = (w,ag")g’

— ag = ga, Va € A need metric to be central



Connections and curvature

Classically, a connection assigns a covariant derivative
Vo : Vect(M) — Vect(M), Va & Vect(M) (Christoffel symbols)
Ve : QY (M) — QY (M) Vdzt = -T*, ,dx” ®4 dz”

Similarly for any differential algebra (A4, 0, d)

bimodule connection: V: Q! — Q1 % Ol o: 0! % QO - Q! <§> 0!

V(fw)=df ®@w + fVuw Viwf)=oc(w®df)+ (Vw)f
(Quillen, Karoubi,...) (Michor, Dubois-Violette, ...)

such connections extend to tensor products

w@ne e} Viwen) =Vwen+ (c®id)(w® Vn)
A

more generally Vg:E >N Q4 FE, op: EQaQ - Q' @4 F

2 ={(F,VEg,0r)} is a monoidal category by & 4




‘metric compatible’ now makes sense Vg = ()

torsion free also makes sense Ty : Q' — Q2 Tv = AV —d

@ quantum Levi-Civita connection (QLC) Ty = Vg =10

@ weak quantum Levi-Civita’ needs only a left connection, torsion free and

cotorsion free:  coTy = (d®id — (A ®41d)(id®4 V))g =0

@ Curvature
Ro: ' -0’20 Ry=({doid-(A®id)(ideV))V
A A A A

Lemma: (Ist Bianchi identity) A(Rv)=doTy — (A®id)(id ® Tv)V

@ Llaplacan A:A— A A=(,)Vd



2.1 Example of 2D nonabelian Lie algebra

1)

g

It =r A: [rt]=Mr
tor=—r, tot=at

rot=pr, tor=(08—-1)r, tot=/t
tor=—r, tot=r—t

ror=t, tor=—r, tot=-—2t
rot=r, tot=r-+t (Burde)

just two essentially different
differential structures

included in i), ii) if we allow

logarithms etc |
Phys.Rev.D 91 (2015

Case (i) => unique form of metric AdS or dS, unique QLC with classical limit

Case (ii)

in classical limit Ricci = %
.

B8 =1 => unique form of quantum metric

g=drdr+bv* v+ Adrev—v*®dr))

v = rdt — tdr,
v* = (dt)r — tdr
beR b#0

all timelike geodesic pulled back to r=0

=> Unique Levi-Civita soln with classical limit:

1
Vd’r:—<

T

8b

126\

v— &> 7 <(4+ e’ gy 7b)\2)dr>

Class. Quant. Gravity
31 (2014) (w/ Beggs)



=> Moduli of real quantum metric-compatible V a line + conic

0

T=0c¢c

(a) b >0 (b) —
b <0 o
@ Dblack parts have classical limitas )\ — 0
@ redpartsblowupas ) — (0 so notvisible classically

@ in each case a unique "q. Levi-Civita point’ where torsion T=0

Vdr = by ® ((1 +1b)\2)v — (;)dr) + (r(Qliblj;\?))dT@ (—(%)v + (g)dfr)

r



2.2 Example of quantum geometry of a quadrilateral

Cayley graph on ad-stable set generators ¢ of a group X

edges: z — za,a €C eaf = Ra(flea, df =) 0“(f)ea

left-invariant
I-forms: €a — E Wr—xa

reX Ql = () d:[ey } szea
aEC
X = 2 X Lo e?L:O, eq.€p + epey, = 0
C:{lz(l,O),QZ(O,l)} de, =0

901<—i1 = a1
=> metric g = aeq ® €1 _I_ b62 ® D 01‘ ao1 = go1—11 11

N A

€1

1011 = b11
b1o = G10—11

for some functions a,b boo = G00—01

90001 = bo1

It is natural to suppose g

symmetric lengths’: g1, _ 52 — -

Ye »
00 ago = goo—10 10
doo+10 = a10



=> |-parameter moduli space of torsion free metric compatible
connection, with curvature:

b

-1 0 0 a(Rla—l)\
Vw=0®w-c(w®0h) ( %
0

o a-1 3 0
Q=(2,9",q",9) N(RaBo1) p-1 0
\ 2a 0 0 @) }
. - a a bio b
cf 8-vertex R-matrix oz=(£,1,1,ﬂ B=(1, 0 00,1)
aoo ao1 boo 010

=> connection

b
Ver = (1 +Q_1)€1 ®er+(l-a)(eg®es+ea®er) — —(Rof—1)es ® e,
a

Ves = —%(Rla— leir@er+(1-pP)(e1®es+ea®er) +(1-Q)es ® es.

curvature Rye; - (Q‘lRla “Qa+(1-a)(RB-1)+ %(Rgﬁ “1)(RyRyor - 1)) Vol ® e

@1 1-a) valRea -1+ @1 T (5 - 1)+ (R~ e Vol B

a



=> geometric Laplacian

-1
Af=(, )V 0ife) = =20 f - 20af +0:f( . )Vei = (Q QW)

and Ricci curvature, e.g.

=1 — =< a a
=g (5+%—x—2) e +X8;3b)

S =- ((3+q+(1 q)X)—+(1 q —(3+q_1)X)%)

1
4ab

Choice of measure ¢ = |ab| = ab =>

[ 5= % 18 = (a0 (= + =) + (o= buo) (= + 7

Lig x L3 boo b10

)

measures the energy’ in the gravitational field. Bathtub’ shape
minimised at a, b constant ( rectangular’ geometry)



Note for bicovariant calculus on any Hopf algebra braiding
=>antisymmetrization’ => canonical (2,d) from (2}, d)

Nonabelian group example G = S3 — <u’ ?J>/’U,2 — 1)2 = e, UVU = VUV
C=2—cycles, A'={ey ep,e0} w=uvu dim(A)=1:3:4:3:1

euNeytepNeyt+tepune,=0, e, Ne,+eyNey+eyNe, =0, ei:e%:ei}:@

de,+e, Aey,+tepne, =0, de,+e,ANe,+e,ANey=0, de,+e,Ae,+e,Ane, =0

g:Zea®ea => Ve, =B+ Ney ey + 1+ pu)li®0—-T e, ®0)

0=cy+e,+ey 2-param WQLC but no QLC; I-param Einstein

G ‘52‘53‘54‘55
Topdeg‘ 1‘4‘12‘40

Remark:

... same numbers as number of indecomposables of preprojective algebra/
components of Lusztig-Kashiwara canonical basis for type An...



2.3 quantum geometry of 2x2 matrices

m Q' (M,(C)) are inner, parallelizable and up to isom:

Q! = My, @ My @ M, unique universal calc
Q' = M, @ M, cp? s=1®0,t=001 da=10s,als+ [0, alt
Ol = M, CP?

In any exterior algebra s,t eg s* =t* =0=> dimp, () =1:2:1
e.g. da = [Elg, CL]S + [Ezl, a]t
=> Hig(M(C))=C.1, Hig(M3(C))=CFEys®CEjst, Hig(My(C))=Csnat
eg g=5®s+t®t =>incl.3-param family QLCs containing
Vs=2Ft®s, Vt=2E150t, o(s'®s’)=(-1)""7s ®s"

Rys=203s Nt® s, Ryt = —203s Nt Q1



2.4 Quantum group C,[SL;] dim(2) =1:4:6:4:1

C < a,b,c,d > /ba = qab, dc = qcd, cb — be, db = qbd, ca = qac, ad — ¢ tbe = 1 = da — gbe
1 1
O = C,[SLy).A
2 2 _ pn2 __
Al :{eb,ec,ez,ﬁ} {ep,ec} =0 € = € =0 =0

62/\66-!-(]260/\62:0, eb/\ez+q2ez/\eb:0, ez/\ez:(l—q_4)ec/\eb
_ _ 2 _ 2 =2
d0=0, de.=q%e.ne,, dey,=q°e,Anep, de,=(qg " +1)epAe..

Vol=e, Ae. Ne, \O

2
g:q266®eb+ec®eb+q—(€z®€z—H(X)e)

(2)q

unique invariant
“Killing’ metric

WQLC w/ VO =0

A=1—¢q?
Ve, = -Veq= L (eb@)e —e ®eb—)\ie ®e) ZLVGZ " —q "
(2) g2 (2)q (2)q e =" =
Ve, = ! (e ®e —q26 ®e) . .
’ (2)e t - T => g-Laplacian A eigenvalues

1
Ve, = (-¢°e.®e.+e.®¢,) (7)q(4 + 1),
(2)q2




3. Braided-Hopf Algebra Fourier Transform

Suppose (1) B has a left integral /B*l (id® [)A=n® |
(2) B has a left dual
ev=U:B*"®B —1, coev=N=exp:1— B® B*

— braided Fourier transform F:B— B*, FoReg= (F®id)

Proof




Suppose B* also has an integral, define ﬁﬁen (new)

v "F=pS, pi= //exp

— - Al Q _\
\ 0 0) @\
o 0)

\.D /) ) k \
@\ﬂ&o%%o\ g&) 00 @ !

If the integrals are both unimodular and morphisms then FF* = uS and [F,S] =0

Example: an =1 C=17Z/(n+ 1)-graded spaces, B = k[l‘]/(ﬂ?’nH)

V(2™ @ aP) = ¢"PaP @ 2™ Ar=zr®1+1Qux = [ 2™ = dmn
B* = kly]/(y"T!)  ev(y" ®aP) =dmplmiq]! XD = D™ @y /[m;q]!
n—m (n—m)? ,.n—m
my\ __ m L y * my __ q € — . —1
F(x )—/x exp(z ® y) = gl Fr(y™) gl p=[n;ql!

FF* = ?P+1,8 SF = FSq2P+1 D = monomial deg



Apply to quantum geometry of a Hopf algebra H S-M. Alg. Repn. Th. 2017
QU(H) is asuper Hopf algebra (Brzezinski),
<« H
A asuper braided Hopf algebrain =~ ¢ = M, = YDE

with primitive generators

O=Hp< A

#=(id®goF): Q" — QtP~"

if Vol, gcentral and binvariant =>

Lemma U = <VC)1’ V01>_1 & k,X Elu_91 uS — (_1)tOpSﬁ
g quantum symmetric =>
S=(-1", t=tt"=p on D=0,1top—1,top

exp=101+g+--~+ ¢ Y+ uVol ® Vol
codifferential and Hodge Laplacian

6 := (SH)~*d(Sy), O:=dé+dd

df = (0°f)ea;, a=ae,, g=g"e,®ey
=> da = a%e, + gup0%a’, Of = (0% f)deq + Gap 0" f



=> canonical Hodge operator:

top

exp = Y Y €i, ezm B)I_Jl Y €j, " €4,

m=0 I,J

mBry={ei, e eje)=evieg Qe ®e, m,—V)l(e;, Rej, - -e,)

]'pm ‘P2P1

= Yi1p1 " Gimmpm [m J1Jz2 - Jm

=>
_ 4 L 4 b ! 4
flea = —q eqepee, fep = —q eqepey, fe. = q eqeceq, feq = ¢ epeceqt+Aq eqepe,

f(eaes) = —q%eaey, fleate) = g eaee, H(eaed) = i’ evee + Mg eqeq
dlevee) = g eqed,  fHlevea) = g epea + (1 — q*eqen,  fecea) = —g°eceq
d(eatvee) = —q%ea, Hleaered) = —q’ey  fleqeceq) =e. flepeced) = ¢*eq + g eq

A=1-q""

=>on Q7(Cy[SLs))

2 =¢°, (D#2); ({HE-d){E+¢)=0, (D=2)




3. Poisson-Riemannian Geometry  w/Beggs J. Geom. Phys. 2017

Ao = C*°(M) quantisation at order A means a Poisson bracket

a.b —b.a = Ma,b} + O(\?) {, } < wY Poisson tensor

Similarly, quantization of Q'(M) at order A implies new physical field:
a.db — (db).a = AV4adb + O()\?) i ={a, }
—> V a Poisson pre-connection along Hamiltonian vec. fields
Va(bde) = {a,b}dc+bVade  d{a,b} = Vadb - V;da
@ At order )\2 the bimodule associativity is (VaV; = V;Va =V, )de=0
(just comsider [a,[b,dc]] + [b,[dc,a]] + [de, [a,b]] = 0)

non-flat connection => nonassociativity at O(A?) not at order )

@ Equiv to Lie Rinehart connection [Huebschmann ’90]
\ . . . Va = Vda
also called "contravariant connection’ [Hawkins]



Suppose V an actual connection restricting to Va V l.c. of classical g

MHVg=0 <=> Y=V+§$ i = 59 (Tave = Toca — Teva)
A o . .
g1 -— q_l(g — Zgijwzs(Tr}]Lm;s — R s + R]mns)dxm@)odxn)
(2) Poisson compat <=> (Vew)¥ +w' S;z'k — WIS =0

3) VR +w" g,s Sjn(erki + S,Zm;i) dz* @ dz™ A dz™ = 0
R = gijwiS(Tj — 2Rjnms)dxm A dz"

nm;s

A -
A1f=Af+ gwaB(RiCWoz - Sv;a)(vﬁdf)v

Thm. = monoidal functor to O(})

Q: Bundles w. Connection —s A-Bimodules w. bimodule Connection

Q(F) = E but with deformed product Vac A, ec E

y A
aec = ae+%w” a;(Vgje) + O(\?) eea = ae—gwjayi(VEje)+O()\2) ... etc



Example Sphere Z(z’b)z —1 V = V (the Levi-Civita connection) so S = 0

w = Vol ™!
=>
(2%, 270 = N 2", [2",d27]e = A2P €l 2™ d 2"

associative algebra U(su2), non associative diff calculus due to
curvature

v A 3 ) ’ 7
g1 =g, dz" ® dz¥ - 2(23)2dz ®1 €34;2"dz’ + AVol
)\ | - |
_ M v (3347 J_ 13,3 J
=gdz” ®1 dz” + 2(23)2637,3 (z dz" ®dz’ — z'dz” ® dz )
—~ — A © B
Vidz# = —2M e gy = -T* 5d2" ®; dz? - Az*Vol + 5 (dz3 ®1 (e“’ﬁgm + f 32)2657)d27)
z

A
2(23)2

= —f“agdzo‘ ® dz” - (631']'25“23(127; ®1 dz? — et 3dz° ® dz”)

—>  Ricci = —%g1 A1 = A undeformed at first order



Uniqueness theorem w/Fritz Class. Qua. Grav 2017
g=a*(r,t)dt ®dt + b*(r,t)dr @ dr + ¢*(r,t)(df ® df + sin*(0)d¢ ® d¢)

generic spherically symmetric metric => unique quantisation to O(\?)

5022 = cé?tc, 5122 = c@rc, 5033 = Catc Sin2(0), 5133 = c@rcsin2(9)

S120 = S123 = 5223 = S320 = S130 = S132 = S230 = S233 = 0

=> r, t, dr, dt central ‘unquantized radius and time’ and at each rt

(2%, 27] = Ae 2%, [2%,d27] = A€l ppnz™d2" Z(Z’Z)Z =1
‘non associative fuzzy sphere’ as above
E.g. Schwarzschild black hole; Ric; = O(\?)

If A=~ this could apply to quantum mechanics ...
If A= Xp this is a new paradigm of semi-classical quantum gravity




