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Objectives of the course

This is an announcement of an introductory course on symplectic manifolds
from the point of view of quantization theory. A highlight will be the cele-
brated result of Fedosov which gives a (in a sense universal) construction of
star products on symplectic manifolds.

Prerequisites

As a prerequisite we assume acquaintance with basic notions from differential
geometry (such as vector bundles, de Rham cohomology, connections) and
Lie groups (left invariant vector fields, exponential map, closed subgroups).
Some experience with homological algebra is desirable but not necessary.

Course contents
The course will encompass the following topics:

1. Basic notions of symplectic geometry:

e symplectic forms, symplectomorphism, symplectic vector fields,
symplectic volume, Poisson bracket, Hamitonian vector fields, Hamil-
tonian equations of motion,

e the Darboux theorem,



e more special situations: cotangent bundles, Kéhler manifolds, co-
adjoint orbits,

e basic notions from Lie groups actions: fundamental vector fields,
free actions, proper actions, isotropy groups etc.

e moment maps, Hamiltonian reduction.
2. The problem of quantization:

e observables, states etc. in the realm of classical and quantum
mechanics,

e the Groenewald-van-Howe theorem,
e quantization as a deformation:
— deformations of associative algebras in the sense of Gersten-

haber,

— algebraic structures on the Hochschild co-chain complex of an
associative algebra, Maurer-Cartan equation of a differential
graded Lie algebra,

— the Gerstenhaber algebra of polyvector fields, Poisson tensors,
Poisson cohomology,

— the Hochschild-Kostant-Rosenberg theorem.
3. Fedosov’s construction of star products on a symplectic manifold:

e Koszul resolution, symplectic connections, a perturbation lemma,
e recursive construction of the Fedosov differential,
e Fedosov’s Taylor series and Fedosov’s star product,

e a version of Cartan’s magic formula and N. Neumaier’s classifica-
tion of quantum moment maps.

Literature

A big part of the material is covered by the book [1]|, which is unfortunately
written in German. An important source on deformation quantization of
symplectic manifolds is the book of Fedosov [2]. There are meanwhile many
textbooks on symplectic geometry and geometric mechanics — let us mention
[3], [4], [5] and of course [6].
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Teaching methods
4 hours of lectures per week.

Assessment methods
Passed / not passed will be based on the students participation in the course.

Credits
10 ECTS

Language of instruction
English

Course enrolment
Please send an e-mail to Maiken Nielsen, maiken@imf.au.dk



